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Development of a Low-Cost and Versatile
Flight Test Platform

L. M. B. C. Campos,* A. A. Fonseca,† J. R. C. Azinheira,‡ and J. P. Loura§
Instituto Superior Tècnico, Lisbon 1096, Portugal

This paper describes the creation of an independent � ight test facility in Portugal, based on interna-
tional and national cooperation; the � ying element is the basic aircraft for � ight research (BAFR), a
CASA 212 Aviocar twin-turboprop light transport, � tted with a � ight test instrumentation (FTI) system,
from which smaller dedicated FTIs were developed for several other aircraft. A part of one of the research
projects carried out with BAFR, viz., a linear longitudinal stability model, including propeller slipstream
effects is described. The model is reduced from 3 3 5 form to a 4 3 4 autonomous system of differential
equations, from which the frequency and damping of the phugoid and short period modes are determined.
The model parameters were identi� ed from � ight tests of selected maneuvers and the reconstruction of
� ight data using the model served to validate the latter.

Nomenclature
A ij = 3 3 5 stability matrix in dimensional form,

Eq. (14a)
B i = three-dimensional control vector in dimensional

form, Eq. (14b)
CD, CL = drag and lift coef� cients
C ij = 3 3 5 stability matrix in dimensionless form,

Eqs. (24a) and (25)
c = mean aerodynamic chord
D i = three-dimensional control vector in dimensionless

form, Eq. (22)
ex, ey, ez = unit vectors in x, y, and z directions
F = total force
f = Fourier spectrum, Eq. (44b)
G = gravity force
g = acceleration of gravity
H ij = 4 3 4 stability matrix in autonomous system
Ix,y,z = principal moments of inertia
j = dimensionless acceleration of gravity, Eq. (24b)
L = angular momentum
M = moment of forces
m = aircraft mass
N i = four-dimensional control vector in autonomous

system
P = power spectral density of input signal, Eq. (44a),

deg
q = pitch rate
S = reference area
s = variable in Laplace transform
T = duration of pitch input, s
t = time
U = total longitudinal airspeed
U0 = longitudinal airspeed in steady state
u = longitudinal airspeed perturbation
W = total normal airspeed
w = normal airspeed perturbation
X j = vector of � ve independent dimensional variables,

Eq. (2)
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X̄j = vector of � ve independent dimensionless
variables, Eq. (19)

x = longitudinal coordinate
Yi = vector of three dependent dimensional variables,

Eq. (1)
Ȳi = vector of three dependent dimensionless

variables, Eq. (20)
y = transverse horizontal coordinate
Zi = four-dimensional vector of autonomous system,

Eq. (26)
Z̃i = Laplace transform of Zi

Z 9i = time derivative of Zi

z = transverse coordinate in vertical plane
a = angle of attack
de = angle of de� ection of elevator
dij = identity matrix
u = pitch angle
u0 = amplitude of pitch input
l = decay time to half-amplitude
m = reduced mass, Eq. (23a)
n = reduced inertia, Eq. (23b)
j = damping ratio
r = mass density
t = period
Xa,b,c = quantity X for step, doublet, and 3211 input,

respectively
Xph = quantity X for phugoid mode
Xsp = quantity X for short-period mode
V = angular velocity
v = frequency, rad/s

I. Introduction

T HE motivation for the creation of the independent � ight
test facility (IFTF) was to have, in Portugal, a � ight test

capability that could be used for basic research or practical
applications, in a national or international context. Thus, in-
ternational cooperation was both the beginning and purpose of
the � ight test facility. The international cooperation and na-
tional coordination are based on existing local engineering
skills, which have to be honed in the � eld of � ight testing, as
part of the schedule of the program (Fig. 1). In fact, the pro-
gram started with the generic training of Portuguese mechan-
ical and electrical engineers in � ight test techniques, done in
one of the supporting nations. This was followed by speci� c
training on the equipment to be transferred at another sup-
porting nation. These engineers then coordinated the transfer
of the � ight test instrumentation to Portugal, its checking on
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Fig. 1 Bar chart of major tasks.

Fig. 2 Three views of the CASA 212 Aviocar.

arrival, and designed and set up a ground simulation bench.
This work was reviewed by consultants from the institution
that had donated the instrumentation. These consultants came
again, on short missions, to verify the design of the � ight test
instrumentation system, its installation in the aircraft, and to
accompany the pre� ight check-out and � rst � ight tests. From
then on, all operations and upgrades of the � ight test facility
were done locally, for example, the addition of telemetry, the
updating of data recording and processing subsystems, the use
of the � ight test aircraft for fundamental and applied research,
and the development of � ight test packages for other aircraft.
There was only one more consultant mission, by a senior � ight
test engineer, from an organization not involved in the program,
to advise on the generic development of the � ight test facility.

The aircraft selected as a � rst platform for the � ight test
instrumentation was a Casa 212 Aviocar twin-turboprop (Fig.
2), which has a number of desirable features. Its moderate
operating costs allow � ight test hours to be accumulated with
modest expense, and reduces the hidden cost of downtime for
modi� cation. The aircraft has the volume to accommodate all
of the instrumentation, and since it is not pressurized and does
not � y at high speed, the installation of sensors and other
equipment is simpli� ed. The margins on payload and power
generation, with optional equipment � tted, were adequate to
cope with the � ight test instrumentation system. The aircraft
was well � tted with off-the-shelf equipment, including Inertial
Navigation System (INS), radar altimeter, Doppler radar, au-
topilot, and Instrument Landing System (ILS), providing usa-
ble data sources, and using methods of extraction of signals,
with no risk of corrupting the original information. The wealth
of optional equipment on the aircraft did, in some cases, limit
the choices of how to install � ight test equipment, to avoid
undesirable interferences. The � ight test instrumentation in-
stalled (Fig. 3) included synchros to measure the positions of
all control and high-lift surfaces, through frangible links, de-
signed to break rather than jam in case of failure; strain gauge
ampli� er units (SAU) linked to the engine mounts (SAU 1 and
2) to measure engine thrust, and linked to the control column
and rudder pedals (SAU 3) to measure pilot inputs; and a rack
near the c.g. with rate gyros and accelerometers, to measure
all components of linear and angular accelerations, indepen-
dently from the INS.

The architecture of the � ight test instrumentation system is
modular, with three levels:

1) The sensors, for example, synchros, strain gauges, gyros,
accelerometers, and navigation data pick-offs, are installed at
the most convenient measuring positions.

2) These sensors are permanently wired to regional con-
nector panels, one on each wing, and two in the fuselage,
forward and aft.
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Fig. 3 Location of sensors in BAFR.

Fig. 4 Block diagram of data acquisition system.

Fig. 5 Sketch of � ight data boom.

3) The regional connector panels are wired to the central
connector panel, colocated with the main rack, which houses
all signal conditioning and recording equipment.

This modular multilevel architecture allows simple modi� -
cations, additions or upgrades of the � ight test instrumentation
system. For example, additional sensors require only their local
installation and wiring to the nearest regional connector panel,
which has spare capacity and links to the central connector
panel. The latter is a part of the main rack (Fig. 4), which,
in its original form, includes signal conditioning units (SCU
1, 2, and 3), a syncho to digital conversion unit (SCDU), a
power distribution unit (PDU), a digital conversion unit
(DCU), and a pulse code modulation system (PCM) prior to
recording on a 14-track magnetic tape. The main rack was also
modi� ed several times, without changing the sensors or other
systems, for example, when adding a digital cassette to the
analogue tape recording capability. Other changes involved
both sensors and the main rack, for example, the addition of
a telemetry capability required streaming the data � ow be-
tween the onboard recorders and the transmission to the
ground via dedicated antennas, installed above and below the
fuselage.

The Casa 212 Aviocar was not dedicated full time to its role
as basic aircraft for � ight research (BAFR). Its primary mis-
sion remained that of aerial photography, requiring quick con-
version to and from the � ight test role. The solution to this
requirement has four aspects:

1) The sensors, which would require lengthy recalibration
after removal or installation, are left permanently installed, in
a way that does not interfere with normal operations.

2) Likewise, the wiring between sensors and regional and
central connector panels, including spare capacity, can be left
permanently installed.

3) All of the signal conditioning, data processing, and re-
cording equipment are installed in the main rack, which can
be installed and removed in one day.

4) The only sensors that are removable are those on the air
data boom, which can be attached and removed in the same
day as the main rack.

Thus, conversion of the Casa 212 Aviocar from normal op-
erations to the BAFR role or vice versa, takes one day only.
The � ight test instrumentation system on the BAFR measures
72 parameters, of a wide variety of types, including � ight data,
engine parameters, control and high-lift surface de� ections,
aircraft attitude and rates, navigation data, and strain gauge
measurements. Although the total number of parameters is not
large, by modern standards, the important point is the wide
variety of sensors, giving a comprehensive experience in in-
stallation, design, signal conditioning, and data processing.

The design of the air data boom (Fig. 5) is a good example
of the compromise between measurement accuracy and struc-
tural ridigity and the constraints on location and removability.
The location above the fuselage was decided by exclusion of
other possibilities:

1) On the nose, the boom support structure would interfere
with the weather radar.

2) Below the nose it would interfere with the weather or
Doppler radar radiation pattern.

3) On the fuselage side, interference with the propeller slip-
stream would be excessive.

4) On the wing outboard of the propeller disc, misalignment
because of wing bending would be excessive.

The air data boom over the fuselage needs to be relatively
long to avoid excessive aerodynamic interference from the
nose; a long boom would have its resonances excited by at-
mospheric turbulence, needing an inverted-V support on the
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fuselage nose. This support has little effect on aircraft aero-
dynamics or crew visibility. It is removed together with the
boom, using three attachment points, two on the sides of the
nose and one on the top of the fuselage. The air data boom
has pressure and temperature sensors and wind vanes for angle
of attack and sideslip. The air data boom is just one part of
the � ight test instrumentation system in the BAFR, whose de-
sign and installation involved over 1000 pages of documen-
tation, 4 km of cabling, and 7000 man-hours of work.

That experience was valuable in the subsequent design and
installation of smaller, tailored � ight test packages for other
aircraft, for example: 1) for the measurement of wing loads
resulting from a new external store for the Fiat G.91, 2) for
assessment of hover performance of an Aerospatiale Puma he-
licopter over rough seas, 3) for prediction of the structural life
of the LTV A-7P Corsair II ground attack � ghters in low-level
� ying, 4) for measurement of structural loads on Lockheed
P-3P Orion maritime patrol aircraft, and 5) for integration of
a new external pod on Alpha Jet single-seat light support � ght-
ers. This work for the Portuguese Air Force involved, in some
cases like 3, international cooperation, extending, in other in-
stances like 4 to instrumenting the same type of aircraft from
more than one Air Force, in a joint pooling of data. Other
projects were started on an international footing:

1) European Flight Experiments into Four-Dimensional Ap-
proach and Landing (EFEDAL) is an on-going project � -
nanced by Eurocontol and involves � ying real aircraft in a
simulated air traf� c control (ATC) scenario, to test new tech-
niques of air traf� c management (ATM), including scheduling
traf� c � ow to achieve a 4-s precision on time of touchdown,
to maximize runway usage and airport capacity.

2) Further trials in preparation of a high-frequency air-to-
ground data link for automatic dependent surveillance (ADS)
functions, and of satellite navigation.

3) The latter work relates to another project, under the tri-
partite agreement between Eurocontrol­ European Space
Agency­ European Union, concerning the development, tests
and validation of elements of a Global Navigation Satellite
System (GNSS), using global positioning system/Glonass sig-
nals, with augmentation by transponders in other satellites, and
differential corrections and other monitoring functions per-
formed by ground stations. This European Geostationary Nav-
igation Overlay Service activity is parallel to and complements
the Federal Aviation Administration’s Wide Area Augmenta-
tion System program.

We mention next some of the research activities, which were
started in advance of availability of the aircraft, i.e., in parallel
with the design of the � ight test instrumentation system; in this
way, as soon as the installation of the latter was completed, it
was possible to implement both practical application and fun-
damental research programs. In connection with research ac-
tivities, areas of current interest have been addressed:

1) Concerning � ight in perturbed atmospheres,1­ 3 a dis-
turbance intensity indicator4 has been applied to the aerody-
namic5 and � ight6,7 data.

2) Concerning aircraft stability,8­ 10 nonlinear11,12 and un-
steady13­ 15 theories have been developed, and compared with
� ight test data.16­ 19

3) The more conventional approach to linear, steady-state
airplane stability, using Laplace transforms,20 has also been
used, and part of our results are reported here.

We start from the longitudinal dynamical equations of mo-
tion for a propeller-driven aircraft, including the effects of pro-
peller slipstream and wing downwash on tail (Sec. II), leading
to a 3 3 5 or 3 3 7 system of equations that can be reduced
to a 4 3 4 autonomous system of equations (Sec. III). We use
� ight test data for the identi� cation of parameters of the model,
using test maneuvers with signi� cant input in the frequency
ranges of higher response, and their reconstruction serves as
validation of the model (Sec. IV). Limitations on space prevent
us from going further into the development of pitch and alti-

tude control systems, effective within the controllability limits
of the airplane. We hope that this brief selection of practical
and research topics will show that a low-cost and versatile
� ight test platform still has a role to play in the modern, com-
plex aerospace world.

II. Mathematical Model Including
Propeller Effects

In the equations of rigid body dynamics,21­ 23 applied to air-
plane linear stability,8­ 10 the transverse and longitudinal mo-
tions decouple, and the latter are speci� ed by variations in
longitudinal Fx and normal Fz force, and pitching moment My:

Y [ {DF , DF , DM } i = 1, 2, 3 (1)i x z y

The independent variables would normally be the variations in
longitudinal U, normal W velocity, and in pitch angle u

X = {DU, DW, DW 9, Du, Du 9} j = 1, 2, 3, 4, 5 (2)j

but for a propeller-driven airplane, adequate modeling of slip-
stream effects also requires the time derivatives of the latter
two W 9 [ dW/d t and u 9 [ du/d t.

If we take for reference state, straight, and level � ight at U0

U(t) = U 1 u(t) (3a)0

W(t) = w(t) (3b)

the vertical velocity is related to a

W = U Da (4a)0

W 9 = U Da 9 (4b)0

and likewise, for time derivatives [Eq. (4b)], so that

X = {Du, Da, Da 9, Du, Du 9} (5)j

is the state vector, with the � ve independent variables.
Turning now to the dependent variables, i.e., M and F, we

consider21­ 23

F = m(u9 1 V ` U ) (6)

including the acceleration caused by translation and rotation:

U = U e (7a)0 x

V = qe (7b)y

u 9 = u 9e 1 w 9e (7c)x y

Thus, the longitudinal (8a) and normal (8b) components of
force are given by

F = mu 9 (8a)x

F = m(w 9 2 U q) (8b)y 0

Concerning the rotation, we write Lk in terms of Vk and Ik:

{L , L , L } = {I V , I V , I V } (9)x y z x x y y z z

and note, on account of Eq. (7b), that only pitching inertia is
relevant here

L = Iyqe (10)y

The Euler equation for the moment of forces

M = L9 1 V ` L = Iyq 9e (11)y
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speci� es the third dependent variable in Eq. (1), viz.,

Y = {mu 9, m(w 9 2 U q), Iyq 9} (12)i 0

with the other two coming from Eqs. (8a) and (8b).
The basic empirical assumption of stability theory is a linear

relation between independent [Eq. (5)] and dependent [Eq.
(12)] variables:

5

Y = A X 1 B d (13)i ij j i eO
j=1

where

­YiA [ (14a)ij
­Xj

­Yi
B [ (14b)i

­de

and the control vector Bi [Eq. (14b)] relates to de. The three
components of the control vector

­F ­F ­Mx z yB [ , , (15)i H J­d ­d ­de e e

have to be identi� ed from � ight test data, as well as 12 linear
stability derivatives

­Yi
A [ (16a)i1

­u

­Yi
A [ (16b)i2

­(Da)

­Yi
A [ (16c)i3

­(Da 9)

­Yi
A [ (16d)i5

­(Du 9)

the remaining three components Ai4 of the 15 elements of the
stability matrix, can be calculated from the longitudinal and
normal components of weight:

G = 2mg sin u (17a)x

G = mg cos u (17b)z

which are the only dependent variables in� uenced by u:

­F ­Gx x
A = = = 2mg cos u (18a)14

­u ­u

­F ­Gz z
A = = = 2mg sin u (18b)24

­u ­u

­My
A = = 0 (18c)34

­u

Thus, the mathematical model of linear longitudinal stability
[Eq. (13)], has 15 parameters to be determined [Eqs. (15) and
(16a ­ 16d)].

We can write the system in dimensionless form, starting with
the � ve independent variables [Eq. (5)], using U0 and c

X̄ = {u/U , Da, cDa 9/U , Du, cDu 9/U } (19)j 0 0 0

concerning the dependent variables [Eq. (1)], forces are made
dimensionless dividing by dynamic pressure times S1 2­ rU2 0

2 2 2Ȳ = {2F /rU S, 2F /rU S, 2M /rU Sc} (20)i x 0 z 0 y 0

and for the moment we use the chord as well.

The linear longitudinal stability system [Eq. (13)] now be-
comes

D1

D d2 eF G
D3

2C 2C 2C 2C 2C m 011 12 13 14 15

= 2C 2C m 2 C 2C 2m 2 C 0 021 22 23 24 25F G
2C 2C 2C 2C 2C 0 n31 32 33 34 35

u/U0

Da
cDa 9/U0

3 Du (21)
cDu 9/U0

2u 9c/U 0
2 2c Du 0/U 0

where: 1) the Di relate the dimensionless forces and moments
[Eq. (20)] to elevator de� ection:

2 ­F ­F ­Mx z y2 1{D , D , D } = , , c (22)1 2 3 S D H J2rU S ­d ­d ­d0 e e e

2) we have made m and Iy dimensionless by introducing m and
n

m = 2m/rSc (23a)

3n [ 2I /rSc (23b)y

3) of the coef� cients Cij, three equations [Eqs. (18a­ 18c)] are
determined a priori

{C , C , C } = j{cos u, sin u, 0} (24a)14 24 34

2 2j [ 2mg/rU S = mgc/U (24b)0 0

where we introduce j; 4) the remaining 12 coef� cients involve
stability derivatives

2 ­F 2 ­Fx x
C [ C [11 12S D S D2rU S ­u rU S ­(Da)0 0

2c ­F 2c ­Fx x
C [ C [13 15S D S D3 3rU S ­(Da 9) rU S ­(Du 9)0 0

2 ­F 2 ­Fz z
C [ C [21 22S D S D2rU S ­u rU S ­(Da)0 0

(25)
2c ­F 2c ­Fz zC [ C [23 25S D S D3 3rU S ­(Da 9) rU S ­(Du 9)0 0

2 ­M 2 ­My y
C [ C [31 32S D S D2rU Sc ­u rU Sc ­(Da)0 0

2 ­M 2 ­My y
C [ C [33 35S D S D3 3rU S ­(Da 9) rU S ­(Du 9)0 0

to be identi� ed from � ight tests.

III. Frequency and Damping
of Longitudinal Modes

The system [Eq. (21)] appears as a 3 3 7 matrix, but it can
be written as a 4 3 4 autonomous system of ordinary differ-
ential equations (ODEs).24­ 26 For this purpose we choose as
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Table 1 Stability and
control derivatives

Matrix Vector

C11 = 20.118 D1 = 0.0
C12 = 0.469 D2 = 20.284
C13 = 0.0 D3 = 20.71
C15 = 0.0 ——
C21 =
21.779

——

C22 =
25.721

——

C23 = 22.26 ——
C25 = 26.78 ——
C31 = 0.0 ——
C32 =
20.793

——

C33 = 25.66 ——
C35 = 0.0 ——

independent variables u, Da, Du, and the pitch rate or angular
velocity in pitch q [ Du 9:

Z = {u, Da, Du, q} i = 1, 2, 3, 4 (26)i

The autonomous system speci� es the time rates of the varia-
bles as linear functions of the variables

4

Z 9 = H Z 1 N d (27)i ij j i eO
j=1

where 1) because q = Du 9, one row of the matrix Hij is a unit
vector

H = H = H = 0 = N , H = 1 (28)31 32 33 3 34

and one component of Ni as well; 2) the remaining components
of the vector N i are

2N [ (U /c){D C 1 D (m 2 C )}/{m(m 2 C )} (29a)1 0 2 13 1 23 23

N [ (U/c)D /(m 2 C ) (29b)2 2 23

2N [ (U /c) {D C 1 D (m 2 C )}/n (29c)3 0 2 33 3 23

3) the remaining components of Hij are

m(m 2 C ){H , H , H , H } = {(U /c)[C C23 11 12 13 14 0 13 21

21 C (m 2 C )], (U /c)[C C 1 C (m11 23 0 13 22 12

22 C )], (U /c)[2C C 2 C (m 2 C )], U [C (m23 0 13 24 14 23 0 13

1 C ) 1 C (m 2 C )]} (30a)25 15 23

(m 2 C ){H , H , H , H }23 21 22 23 24

= {C /c, (U /c)C , 2(U /c)C , 2C 1 m} (30b)21 0 22 0 24 25

2 3j (m 2 C ){H , H , H , H } = {(c /U )23 41 42 43 54 0

23 [C , C 1 C (m 2 C )], (c/U ) [C , C33 21 31 23 0 33 22

21 C (m 2 C )], (c/U ) C , C , (c/U )[C (C 1 m)32 23 0 33 24 0 33 25

1 C 1 (m 2 C )]} (30c)35 23

The values of the parameters for our aircraft are as follows:
m = 6 3 103 kg, Iy = 4.4 3 105 kg m2, S = 40 m2, c = 2.13
m, U0 = 130 kn (=66.9 m/s), g = 9.8 m s2 2, h = 3.048 m, r =
0.905 kg m2 3, CL = 0.724, Cb = 0.059, p [ r (=2025 N1 2­ U2 0

m2 2), m = 155.6, n = 251.6, and j = 0.726. And from these
we obtain the matrix C ij and vector Di in Table 1, which, in
turn, specify the matrix Hij and vector N i

20.024 0.216 20.334 0
20.129 21.16 0 0.987

H = (31a)ij F 0 0 0 1 G
0.0229 22.928 0 20.709

0
20.0576

N = (31b)i F 0 G
22.796

in the system [Eq. (27)]. These data were obtained from a
collaborative parameter identi� cation work between DLR and
Instituto Nacional de Tecnologias Aerospaciales (INTA,
Spain). It was used as an initial estimate in our parameter
identi� cation work, in a procedure that consisted of the fol-
lowing steps:

1) Obtaining Bode diagrams, to determine the frequency
ranges allowing higher accuracy in the identi� cation of param-
eters.

2) Designing control schedules, whose spectra have larger
amplitude in these frequency ranges, to be used as inputs for
� ight tests.

3) Sampling the � ight test data, and using a parameter iden-
ti� cation routine, to obtain the parameters of the mathematical
model.

4) Using the mathematical model, with these parameters, to
reconstruct the � ight maneuvers � own, and compare with
� ight data records, as a validation. The validated mathematical
model was used to design control systems, for pitch and alti-
tude, taking into account the full fourth-order control system,
with short-period and phugoid modes, or a reduced second-
order system. Since we have no space to detail all of this work
here, we conclude with a discussion of the two longitudinal
modes, from the data given before.

Since we have a linear autonomous system of ODEs with
constant parameters, it is convenient to use the Laplace
transform27­ 29

`

2stZ̃ (s) = Z (t)e dt (32)i iE
0

which leads from the system of differential equations (27), to
a linear algebraic system of equations:

4

21˜ ˜Z (0) 2 sZ (s) = H Z (s) 1 s N d (33)i i ij j i eO
j=1

In the absence of control inputs or initial disturbances, the
system is homogeneous

4

˜d = 0 = Z (0) (H 1 sd )Z (s) = 0 (34)e i ij ij jO
j=1

where we have introduced the identity matrix

0 if i ¹ j
d = (35)ij H1 if i = j

The system (34) has a nontrivial solution

˜ ˜ ˜ ˜{Z (s), Z (s), Z (s), Z (s)} ¹ {0, 0, 0, 0} (36)i 2 3 4

if and only if the determinant of coef� cients vanishes

4

n0 = Det(H 1 sd ) = a s (37)ij ij nO
n=0

leading to a polynomial of the fourth-degree, with coef� cients

a = 0.00637, 0.00527, 0.179, 0.0895, 0.0473n

n = 0, 1, 2, 3, 4 (38)
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Fig. 8 P vs v for doublet input of duration T = a) 0.6, b) 1.0,
and c) 1.5 s.

Fig. 7 P vs v of step inputs of duration T = a) 0.6, b) 1.0, and
c) 1.5 s.

Fig. 6 a) Set, b) doublet, and c) 3211 imputs.

Note that 2s are the eigenvalues of H ij [Eq. (31a)], and, hence,
the roots of Eqs. (37) and (38).

The polynomial (37) may be factorized

2 2 2 20 = a (s 1 2j v s 1 v )(s 1 2j v s 1 v ) (39)4 ph ph ph sp sp sp

emphasizing the j and v of the phugoid and short-period
modes.30­ 32 In the present case (Fig. 6), the phugoid has fre-
quency

21v = 0.191 s (40a)ph

and period

t = 2p/v = 32.8 s (40b)ph ph

and damping

j = 0.0314 (41a)ph

and decay time

l = 0.693/vj = 116 s (41b)ph

where the latter is the time for the amplitude to decay to half
the initial value. The frequency and period are one order of
magnitude apart from those of the short-period mode:

2 1v = 1.903 s (42a)sp

t = 3.30 s (42b)sp

and the damping and decay time

21j = 0.467 s (43a)sp

l = 0.780 s (43b)sp

show even greater contrast.

IV. Comparison with Flight Test Results
The parameters used in the longitudinal stability model of

the aircraft (Secs. II and III), were obtained from � ight test
records of chosen maneuvers, performed on our Casa 212
Aviocar (Fig. 2) modi� ed test aircraft. Three candidate pitch
inputs were considered, as shown in Fig. 6, namely a step (Fig.
6a), doublet (Fig. 6b), and 3211 (Fig. 6c). The signals have a
common amplitude of 22.5 deg, the same as in the earlier
DLR/INTA parameter identi� cation work,33 which we used as
initial data.

The next choice was T, and three values were considered:
T = 0.6, 1.0, and 1.5 s. The step input (Fig. 6a) led to a P vs
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Fig. 9 P vs v for 3211-input of duration T = a) 0.6, b) 1.0, and
c) 1.5 s.

Fig. 10 P vs v in Hz for maneuvers a) A, b) B, and c) C.

Fig. 11 Pitch in degrees, pitch rate in degrees per second, air-
speed in knots, and angle-of-attack in degrees, vs time in seconds,
for maneuver A, as � own (solid line) and as reconstructed by sta-
bility model (dashed line).

v in Fig. 7; the power decays monotonically (apart from small
secondary humps), and is more concentrated at lower frequen-
cies for longer input durations. This is a typical property of
Fourier transforms34­ 40 that a longer signal has a narrower
spectrum. The doublet input (Fig. 6b) has peak power (Fig. 8)
at a frequency that reduces with the duration of the pulse, and
again becomes narrower for longer pulses, while retaining
small secondary humps. The advantage of the 3211 input (Fig.
6c) is seen in the much broader power spectrum (Fig. 9), with
four noticeable peaks and three valleys in between, the last
being deeper; again the power spectrum is narrower for longer
inputs and secondary humps are negligible.

The power spectra for the preceding inputs can be calculated
analytically. The power spectrum (44a) is the square of the
modulus of the Fourier transform (44b) of the pitch input:

2P(v) [ u f (v) u (44a)
1 `

iv tf (v) [ u(t)e dv (44b)E
2`

where in Eq. (44b) we omit the factor 1/2p (or , de-1/ 2pÏ
pending on the reference34­ 38). Using the de� nition of unit
function39­ 44

0 if t < 0
H(t) [ (45)H1 if t > 0

we can specify step (46a), doublet (46b), and 3211 (46c) inputs

u (t) = u [H(t) 2 H(t 2 T )] (46a)a 0

u (t) = u [H(t) 2 2H(t 2 T ) 1 H(t 2 2T )] (46b)b 0

u (t) = u [H(t) 2 2H(t 2 3T ) 1 2H(t 2 5T )c 0

2 2H(t 2 6T ) 1 H(t 2 7T )] (46c)

all with the same amplitude u0, viz., u0 = 22.5 deg in Fig. 10.
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Fig. 12 Pitch in degrees, pitch rate in degrees per second, air-
speed in knots, and angle-of-attack in degrees, vs time in seconds,
for maneuver B, as � own (solid line) and as reconstructed by sta-
bility model (dashed line).

Fig. 13 Pitch in degrees, pitch rate in degrees per second, air-
speed in knots, and angle-of-attack in degrees, vs time in seconds,
for maneuver C, as � own (solid line) and as reconstructed by
stability model (dashed line).

Substitution of Eqs. (46a ­ 46c) in Eq. (44b), and the use of
Eq. (45), speci� es:

ivTf (v) = i(u /v)(1 2 e ) (47a)a 0

ivT i2vTf (v) = i(u /v)(1 2 2e 1 e ) (47b)b 0

i3vT i5vT i6vT i7vTf (v) = i(u /v)(1 2 2e 1 e 2 2e 1 e ) (47c)c 0

respectively, the spectra of step (47a), doublet (47b), and 3211
(47c) inputs. The modulus square (44a) speci� es, respectively,

2P (v) = 2(u /v) [1 2 cos(vT )] (48a)a 0

2P (v) = 2(u /v) [3 2 4 cos(vT ) 2 cos(2vT )] (48b)b 0

2P (v) = 2(u /v) [7 2 6 cos(vT ) 2 4 cos(2vT )c 0

1 6 cos(3vT ) 2 4 cos(4vT ) 1 2 cos(5vT )

2 2 cos(6vT ) 1 cos(7vT )] (48c)

the power spectra of step (48a), doublet (48b), and 3211 (48c)
inputs.

Three examples of power spectra of pitch maneuvers actu-
ally � own, are shown in Fig. 10, viz., a doublet for maneuver
A and two examples of 32AA for maneuvers B and C. The
power spectra are, respectively, unimodal (Fig. 10a), bimodal
(Fig. 10b), and trimodal (Fig. 10c) for maneuvers A, B, and
C, respectively. The solid lines in Figs. 11, 12, and 13 show
the � ight records, respectively, for maneuvers A, B, C, of pitch
angle (top) in degrees, pitch rate (second from top) in degrees
per second, airspeed (second from bottom) in knots, and angle
of attack (bottom) in degrees, vs time in seconds. It is seen
that maneuver A is pitch-up followed by pitch-down, maneuver
B is double pitch-up, and maneuver C is also a double pitch-
up with a smaller second input.

There exists a variety of parameter identi� cation meth-
ods,45­ 48 and those used in � ight testing49­ 53 include linear and
nonlinear methods. Since our inputs are of small amplitude,
we used a linear method, the maximum likelihood method for
which ready packages like Matlab and MATRIX exist.54,55

Methods suitable for nonlinear models were used elsewhere.7

The parameter identi� cation of stability derivatives for the
three maneuvers led to the frequencies and damping of the
phugoid and short period modes indicated in Table 2, together
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Table 2 Frequency and damping of phugoid
and short-period modes

Result vph jph vsp jsp

Theory 0.191 0.0314 1.930 0.487
Maneuver A 0.1166 0.1067 2.2967 0.7275
Maneuver B 0.1494 0.871 2.7114 0.5885
Maneuver C 0.174 0.0759 2.3459 0.7494

with the theoretical values calculated in Sec. IV. The � nal val-
idation of our linear longitudinal stability model is the recon-
struction of airplane response using the model (dashed lines),
and its comparison with � ight records (solid lines), in Figs.
11, 12, and 13, respectively, for maneuvers A, B, and C.
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